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The possibilities and conditions of effective interaction, in particular acceleration, of charged 
particles by the field of plane electromagnetic wave in the presence of an external constant mag-
netic field are considered. It is shown that the well-known conditions of cyclotron resonances 
require generalization. New conditions for the resonant interaction of charged particles are for-
mulated, which contain not only the strength of the external magnetic field (as the well-known 
conditions of cyclotron resonances) but also the field strength of the wave.  strengths. It is shown 
that new resonance conditions open up new possibilities for effective particle acceleration. 
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INTRODUCTION  
Acceleration of charged particles in a vacuum seems to be a tempting prospect. There are a 
large number of works (both theoretical and experimental) devoted to this problem (see, for ex-
ample, [1 - 8]). They also indicate the advantages of such acceleration and the problems that one 
has to face when solving such tasks. 
In the presence of a constant magnetic field, the situation changes qualitatively. Cyclotron 
resonances appear ( /Hkv    ). When using them, an effective interaction of waves and 
particles is possible. Particularly attractive is the auto-resonance acceleration scheme. However, 
to realization this scheme when using laser radiation fields, abnormally large external magnetic 
fields are required. It should be noted that only external magnetic field intensity (
H ) is included 
in cyclotron resonance conditions. There is no wave field strength under these conditions. This is 
due to the fact that the theory of cyclotron resonances developed when almost always the wave 
strength parameter ( /eE mc  ) was small. Therefore, it was not necessary to take it into ac-
count. 
The wave intensity appeared only in the study of nonlinear cyclotron resonances. With the 
development of laser technology, the situation could change. As indicated above, the use of cy-
clotron resonances seemed simply impossible. In addition to lasers, sources of intense electro-
magnetic radiation appeared, such as, for example, CRM. However, only the usual conditions of 
cyclotron resonances were still used (see above).  
It is clear that when the wave power parameter becomes significant, the usual conditions for 
cyclotron resonance must be modified. In this conditions, both the strength of the external mag-
netic field and the strength of the fields with which the particles interact must be present. This is 
especially true for the case of laser fields, when the cyclotron frequency is much lower than the 
frequency of laser radiation ( / 1H   ). This work is devoted to the analysis of the use of both 
the usual conditions of cyclotron resonance and new modified conditions. 
1. STATEMENT OF THE PROBLEM AND BASIC EQUATIONS 
Consider a charged particle that moves in an external constant magnetic field 0H  directed 
along the axis z  and in the field of a plane electromagnetic wave, which in the general case has 
the following components: 
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where 0EE  ,  , ,x y zi    is wave polarization vector. 
Without limiting of generality, we can assume that the wave vector k has only two nonzero 
components xk  and zk . In dimensionless variables /mcp p , t  , 
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where 0/ Hh H , /H eH mc  , 0  , 0 0( / )eE mc  ,   kr , k  is unit vector in 
the direction of wave propagation, 2 1 2(1 )  p  is particle energy, p  is its momentum. 
Multiplying the first of equations (2) by p , we obtain the following equation describing the 
change of particle energy: 
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Using equations (3), from the system of equation (2) we find the integral of motion: 
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2. ANOTHER FORM OF MAIN EQUATIONS 
We firstly consider the case of wave propagation along an external magnetic field 0H . Then 
the vector equation (2) and equation (3) can be conveniently rewritten in the following form: 
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where  0 0,x x y y       . 
Note that the value C   is an integral. Then the equations for the transverse components 
of the particle pulse can be issued separately in closed form: 
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The solutions of the system of equations (6) under the condition const   can be presented 
in the analytical form: 
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C B  ,  D A , 1 x y    , 2 y x    . 
Using (5), it is easy to find analytical expressions for the longitudinal momentum: 
 2 2 2 20 0 0
1
2
z x y x y zp p p p p p

       .         (9) 
Similarly, we define the expression for the particle energy  , for example, for a wave with 
linear polarization: 
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It can be seen from the expressions obtained for the components of the particle momentum 
that both the magnitude of the momentum and the particle energy are periodic functions of the 
phase. Therefore, the effective transfer of energy from laser radiation to charged particles will 
occur only in a limited space (or for a limited time). The value of this space (or time interval) can 
be found by determining, for example, the dependence of the phase on time. It is easy to do. So, 
for linear polarization, it is easy to find the following expression for the phase  
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From this formula it is seen that the dimensionless time of effective particle acceleration is  
proportional to the integral  zp С   . It will be the greater, the greater this integral.  
The above expressions for the components of momentum and for energy were obtained under 
the conditions when 1  , i.e. when there are no autoresonance conditions. If the autoresonance 
conditions are satisfied 1  , then using the system of equations (6) we obtain the following 
expressions for the momenta in the case of a wave with circular polarization: 
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3. DYNAMICS OF PARTICLES AT CYCLOTRON RESONANCES 
Above, expressions have been obtained for cases when it is possible to obtain solutions in an 
explicit analytical form. In these expressions, cyclotron resonances are not revealed explicitly. 
Below we obtain a general system of equations in which cyclotron resonances can be explicitly 
single out. 
For this, it is convenient to introduce new variables , , ,zp p    and  , which will explicitly 
display the dynamics of particles in a constant magnetic field: 
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We substitute these variables in the vector equation (2). Expanding the right-hand side of the 
obtained equations in a series of Bessel functions, we have:  
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where /x Hk p  , , ( ),n z x n nk z k n J J          ( ) ,n nJ dJ d   . 
Similarly, we obtain expressions for , , , , ,z np      : 
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Further on the right hand we leave only the resonance terms, i.e. terms for which the parame-
ters satisfy the condition of one of the well-known cyclotron resonances: Hkv n   . Using 
one of these conditions it is possible to obtain equations describing the motion of a particle under 
conditions of isolated resonance: 
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Carrying out the expansion ( )n   near the resonance value 0  from the last equations of sys-
tem (22) we obtain a closed system for describing the dynamics of particles in the isolated reso-
nance: 
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Using these equations, it is easy to find the magnitude of particle energy gain in isolated cy-
clotron resonance: 
                                                          204 / 1n zW k   .                                                    (24) 
4. NEW CYCLOTRON RESONANCES 
The system of equations (14) - (20) was studied in sufficient detail in [5, 6, 8]. This system is 
convenient for analysis when the parameter   is small. In this case, the averaging method was 
used to analyze this system. However, system (14) - (20) is strictly valid for any parameter value.  
The form of equations (14)-(21), which describes the dynamics of particles, is convenient for 
finding out resonant conditions.  An effective energy exchange between wave and particle will 
occur when one or more of the terms in the right-hand sides of equations (14) - (21) change 
slowly. It can be seen that this will happen when the condition is met: 
1 0n z z xk v k n                    (25) 
Further we will be mainly interested in the dynamics of particles in laser fields. It means that 
in real conditions the dimensionless cyclotron frequency will also be a small parameter 
( 1H  ). In addition, in most cases, we will be interested in the dynamics of relativistic parti-
cles ( 1  ). Note that condition (25) takes into account the dynamics of the leading center, 
which substantially depends on the electric field strength of the laser radiation. In the special 
case ( 0  ), conditions (25) contain the well-known conditions of cyclotron resonance. We 
consider some particular new resonance conditions: 
1. The simplest case is when the parameters of the fields and particles satisfy the following re-
lations 
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Then condition (25) can be represented as: 
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It can be seen that the resonance condition substantially depends on the wave strength param-
eter (
y ).  
2. If parameters of fields and particles satisfy relation: 
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then the expression for cyclotron resonance takes the form: 
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Using resonance conditions (25), as well as equations from system (15) - (21), we can obtain 
the following equation for describing the phase dynamics in the vicinity of resonance: 
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Equation (29) is the equation of a mathematical pendulum. Analysis of such equations and 
consequence of a similar analysis can be found in [5, 6, 9]. 
3. The most interesting case is when the parameters of the wave and particles satisfy the con-
ditions: 
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The importance of this case is due to the fact that it allows us to analyze the resonance at large 
values of number ( 1n  ). Besides, this case corresponds to the situation when the number of 
the Bessel function is equal to the argument of the Bessel function. In this case, as is known, the 
Bessel function decreases most slowly with the growth of its number and argument 
( 3( ) ~1/nJ n n ). The resonance condition for this case has the form: 
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Here 0 is value of energy at which the exact resonance condition is satisfied ( 0( ) 0  ). To 
describe the dynamics of the phase, we can derive the equation: 
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Equation (31) is also the equation of a nonlinear pendulum and has the integral: 
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Analysis of this integral shows that the maximum phase velocity can be estimated by 
max  . Using this estimation, it is easy to determine the value of addition to the particle ener-
gy that they obtain when interacting with the wave under resonance conditions:  
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Comparing this additive with those obtained under conditions of known cyclotron resonances 
(24), we can see that it can be more significant.  
The lines of new resonances in the parameter plane ( , H  ) are represented in Fig.1 and Fig2 
  
Fig. 1. Lines on which the conditions of new 
cyclotron resonances are satisfied.  At 
(0) (0) 0.1x yP P   
 
Fig.2. Lines on which the conditions of new 
cyclotron resonances are satisfied. At 
(0) (0) 0.2x yP P   
 
 
 
5. NUMERICAL ANALYSIS 
For a wave propagating along the direction of the external magnetic field, analytical solutions 
of equations (5.6) are found for momentum and coordinates of particle in an implicit form as a 
function of phase  .  
Besides, the integral C   is break down when the wave propagates at an angle to the ex-
ternal magnetic field ( 0)xk k   . Therefore, a numerical analysis of equations (2) was carried 
out to investigate the dynamics of charged particles in the field of the plane electromagnetic 
wave and in the external constant magnetic field 0H  directed along the axis z . The cases of lin-
ear and circular polarization of the wave field are considered. Since we are mainly interested in 
particle acceleration, we consider this process at sufficiently large initial values of the longitudi-
nal momentum of the particles and small values of the transverse momentum (for small values of 
the transverse momentum, the parameter 1  ).  
The analysis was carried out at the initial values of the longitudinal momentum 0 10zp  ; the 
transverse momenta were chosen equal to 
0 0 0.1x yp p  . The initial values of the transverse 
coordinates are selected in accordance with the values of the transverse momenta and the exter-
nal constant magnetic field, the initial coordinate 
0 ( 0) 0z z t   . The accuracy of the calcula-
tions was controlled using the integral (4). In all the numerical studies, the value of the integral 
was preserved with a sufficient degree of accuracy: the value of deviation from the integral did 
not exceed the values 7 610 10   for the coordinates and momenta of charged particles of the 
order 310 .  
As follows from the above formulas, the value of the longitudinal momentum 
zp p  
therefore the value 
zp  practically coincides with the energy value  . 
If the initial values of the momenta of the charged particles are such that the condition is satis-
fied 
zC p  , where С const   is the integral of particle motion, a scheme of autoreso-
nant interaction of particles with laser fields at H   can be realized.  
Figs. 3, 4 shows graphs of the dependence of the longitudinal and transverse pulses, as well as 
the longitudinal and transverse coordinates of the particles on time under conditions of autoreso-
nance for a wave with circular polarization 
0 , 0x y z       for the field amplitude 0 0.75   
and 
0 0 0.5087H    . 
  
Fig. 3. Dependences of the longitudinal 
zp  and transverse momenta on time / 2T   .  Circu-
lar polarization 
  
  
Fig.4. Dependences of the longitudinal z  and transverse coordinates ,x y  on time / 2T   . 
Circular polarization 
 
In the case of linear polarization 
00,x z y      , the graphs of the dependence of the 
longitudinal and transverse pulses, as well as the longitudinal and transverse coordinates of the 
particles on time under conditions of autoresonance are shown in Figs. 5, 6.  
  
Fig. 5. Dependences of the longitudinal 
zp  and transverse momenta on time / 2T   .        
Linear polarization. 
 
  
Fig.6. Dependences of the longitudinal z  and transverse coordinates ,x y  on time / 2T   . 
Linear polarization. 
As can be seen from these graphs, the maximum values of the longitudinal and transverse 
momenta with circular polarization are approximately two times higher than their values with 
linear polarization. The dependence of the longitudinal coordinate on time, as expected (
z c  ), 
has not practically changed. The oscillation period of the transverse coordinates and momenta is 
approximately two times large than in the case of linear polarization. 
In the case of oblique propagation ( 0.075xk  ) of the linearly polarized wave 0y   
0x z   , the dependences of the longitudinal and transverse coordinates and momenta of the 
particle for cyclotron frequency 
0 0H    and parameter values are shown in Figs. 7, 8. 
 
 
Fig. 7. Ddependences of the longitudinal 
zp  and transverse momenta on time / 2T   . 
Linear polarization 
 
  
Fig.8. Dependences of the parameter   and transverse coordinates ,x y  on time / 2T   . 
Linear polarization  
From the graphs in Figs. 7, 8 it is seen that the interaction of a charged particle with a field is 
resonant character. The time intervals at which the parameter   oscillates around a certain aver-
age value are clearly distinguished. In accordance with the change in the parameter  , the aver-
age energy of the oscillations of the energy of the charged particle also changes. At the same 
time, contribution to the energy increment gives not only one harmonic with a fixed number n , 
but also adjacent harmonics 1, 1n n  : 
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Fig. 9. Dependences of particle energy on time / 2T    for different regions change of pa-
rameter . Blue color indicates the curve of the particle energy versus time obtained by numeri-
cally solving the system of equations (2). Red color indicates the curve of the dependence of the 
particle energy on time found by the formula (34) 
As can be seen from the graphs in Fig. 9, we can speak of a sufficiently good qualitative 
agreement between the results of the numerical calculation of the system of equations (2) and the 
results of evaluation by formula (34). 
Figures 10-11 show the results of a numerical study of the dynamics of longitudinal and 
transverse pulses under conditions of new resonances. The conditions of the usual cyclotron res-
onances cannot be satisfied. 
 
CONCLUSIONS 
Let’s state the most important results of this work. 
  
Fig.10. New resonances. Longitudinal momen-
tum evolution. At 0n  ; 1, 1z xk k  ; 0.1H  ; 
(0) 10zP  ;  (0) (0) 0x yP P  ; 1.1y  ; 0x z          
Fig.11. New resonances. Transverse mo-
mentum evolution.  At 
0n  ; 1, 0x zk k  ; 0.1H  ; (0) 0zP  ;  
(0) 1; (0) 0x yP P  ; 0.405y   ; 0x z       
1. It is shown that the well-known conditions of cyclotron resonance should be generalized. 
The generalization is that these conditions include both the strength of the external magnetic 
fields and the field strength of the electromagnetic waves with which the particles interact. The 
use of these new resonant conditions makes possible to implement a scheme of resonant interac-
tion of particles even with laser radiation fields in vacuum. 
2. If the initial parameters of charged particles are such that the condition z HC p    , 
where С const   is satisfied, where C  is the integral of particle motion, then a scheme of 
autoresonant interaction of particles with laser fields in vacuum can be implemented. 
3. Conducted numerical studies confirm qualitatively and quantitatively the key results of 
analytical studies within the framework of this model. 
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